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ABSTRACT 
This paper extends the  i n t e g r a t i n g  matr ix  technique of computational 
mechanics t o  inc lude  the e f f e c t s  of concentrated masses. The s t a b i l i t y  of a 
f l e x i b l e  r o t a t i n g  beam with d i s c r e t e  masses i s  analyzed t o  determine t h e  
c r i t i c a l  r o t a t i o n a l  speeds f o r  buckling i n  t h e  inp lane  and out-of-plane 
d i r e c t i o n s .  In  t h i s  problem, the beam i s  sub jec t ed  t o  compressive c e n t r i f u g a l  
f o r c e s  a r i s i n g  from s t eady  r o t a t i o n  about an a x i s  which does not pass through 
the  clamped end of the beam. To determine the eigenvalues  from which 
s t a b i l i t y  i s  as ses sed ,  the d i f f e r e n t i a l  equat ions of motion a r e  solved 
numerical ly  by combining the  extended i n t e g r a t i n g  ma t r ix  method with an 
e igenana lys i s .  S t a b i l i t y  boundaries f o r  a d i s c r e t e  mass r e p r e s e n t a t i o n  of a 
uniform beam are shown t o  a sympto t i ca l ly  approach the s t a b i l i t y  boundaries f o r  
t h e  corresponding continuous mass beam as the  number of concentrated masses i s  
inc reased .  An e r r o r  i n  the l i t e r a t u r e  i s  a l s o  noted f o r  the d i s c r e t e  mass 
problem concerning the behavior of the c r i t i c a l  r o t a t i o n a l  speed f o r  i np lane  
buckling a s  t he  r a d i u s  of r o t a t i o n  of t he  clamped end of t he  beam i s  reduced. 
Research f o r  the f i r s t  au tho r  was supported by the  National Aeronautics and 
Space Administration under NASA Contract Nos. NASl-18107 and NAS1-18605 while  
he was i n  res idence a t  t he  I n s t i t u t e  f o r  Computer Applicat ions i n  Science and 




















discont inuous func t ion  def ined by Eq. 15 
diagonal matrix obtained from 
Young’s modulus of e l a s t i c i t y  
second moments of a r e a  about y and z axes,  r e s p e c t i v e l y  
i n t e g r a t i n g  matr ix  
l e n g t h  of beam 
mass d i s t r i b u t i o n  of beam (continuous plus  concentrated)  
concentrated mass 
number of i n t e r v a l s  i n t o  which the beam i s  divided 
d i s t r i b u t e d  i n e r t i a l  l oads  i n  x ,  y ,  and z d i r e c t i o n s ,  r e s p e c t i v e l y  
r a d i u s  of r o t a t i o n  of clamped end of beam 
diagonal ma t r ix  def ined by Eq. 24 
t e n s i l e  f o r c e  i n  beam 
time 
diagonal  matr ix  def ined by Eq. 25 
deformation of e l a s t i c  a x i s  i n  y and z d i r e c t i o n s ,  r e s p e c t i v e l y  
coord ina te  system which r o t a t e s  with beam such t h a t  X-axis l i e s  
a long the i n i t i a l  or  undeformed p o s i t i o n  of e l a s t i c  a x i s  and passes  
through the a x i s  of r o t a t i o n ,  which i s  p a r a l l e l  t o  t he  Z a x i s  
running coordinate  along X-axis measured from clamped end of beam 
c e n t r o i d a l  p r i n c i p a l  axes of beam c r o s s  s e c t i o n  
i n t e rpol  a t i  on mat r i  x 
Dirac d e l t a  func t ion  
v a r i a b l e  of i n t e g r a t i o n  
De (x)  
3 
eigenvalue 
continuous mass d i s t r ibut ion  of beam 
pos i t ion  of d i s c r e t e  mass measured from clamped end of beam 
rota t iona l  speed of beam 
time der iva t ive ,  - 









The dynamic behavior of f l e x i b l e  r o t a t i n g  beams cont inues t o  r ece ive  con- 
s i d e r a b l e  a t t e n t i o n  i n  the  l i t e r a t u r e  a s  i t  c o n s t i t u t e s  a fundamental problem 
i n  app l i ed  mechanics. F u r t h e r ,  beams comprise p a r t s  of many r o t a t i n g  
s t r u c t u r e s  of engineer ing s i g n i f i c a n c e .  One a r e a  which i s  r ece iv ing  a t t e n t i o n  
i s  t h e  problem of t h e  buckling of beams due t o  rotation-induced compressive 
c e n t r i f u g a l  fo rces .  Such f o r c e s  a r i se ,  f o r  example, i n  a r o t a t i n g  beam whose 
a x i s  of r o t a t i o n  does n o t  pass  through the  clamped end of t he  beam. A s  t h e  
beam r o t a t e s ,  i t s  clamped end desc r ibes  a c i r c l e  of nonzero r ad ius  about t h e  
a x i s  of r o t a t i o n .  This  geometr ical  arrangement can be s p e c i f i e d  by a dimen- 
s i o n l e s s  parameter involving the  r a d i u s  of t h i s  c i r c l e  and the l e n g t h  of t h e  
beam. I f  such a r o t a t i n g  beam has one of i t s  c ross - sec t iona l  p r i n c i p a l  axes  
pa ra l l e l  t o  the  a x i s  of r o t a t i o n ,  t r a n s v e r s e  buckling can occur e i t h e r  i n  t h e  
plane of r o t a t i o n  o r  out of t h e  plane of r o t a t i o n ,  depending, among o t h e r  
f a c t o r s ,  on the  value of t h e  geometr ical  parameter and the  r o t a t i o n a l  speed. 
The problem of determining the  v i b r a t i o n s  and s t a b i l i t y  of r o t a t i n g  beams sub- 
j e c t e d  t o  compressive c e n t r i f u g a l  f o r c e s  has been t r e a t e d  by s e v e r a l  i n v e s t i -  
g a t o r s  [ l -91.  References 8 and 9 solved the  d i f f e r e n t i a l  equat ions of motion 
numerical ly  using an i n t e g r a t i n g  matr ix  (Refs. 10-12) i n  combination with an 
e i g e n a n a l y s i s  t o  determine t h e  eigenvalues  from which s t a b i l i t y  i s  a s ses sed .  
The method of s o l u t i o n  was shown t o  be numerical ly  exac t  and not  t o  e x h i b i t  
t h e  convergence problems a s s o c i a t e d  wi th  t h e  approximate methods of s o l u t i o n  
which have been app l i ed  by o t h e r s  t o  the  s tudy  of rotat ion-induced buckling. 
The i n t e g r a t i n g  matr ix  procedure has been extended t o  inc lude  both 
nonuniformly spaced g r i d  p o i n t s  (Ref. 13) and concentrated masses (Ref. 14) .  
The purpose of t h i s  paper i s  t o  employ t h e  i n t e g r a t i n g  ma t r ix  procedure 
I 
, 
extended t o  inc lude  concent ra ted  masses i n  a more complete and r igo rous  
examination of t h e  buckling behavior of t he  d i s c r e t e  mass r ep resen ta t ion  of 
t h e  f l e x i b l e  r o t a t i n g  beam which has been t r e a t e d  i n  Ref. [6]. 
FORMUMTION 
A geometr ica l  arrangement g iv ing  rise t o  rotat ion-induced r a d i a l  c e n t r i -  
f u g a l  f o r c e s  which can be compressive r a t h e r  than t e n s i l e ,  and thus  lead ing  t o  
t h e  p o s s i b i l i t y  of a buckling-type i n s t a b i l i t y ,  i s  depic ted  i n  Fig. 1 .  A beam 
of l e n g t h  L i s  clamped t o  t h e  i n s i d e  of a r i n g  of r a d i u s  R which i s  r o t a t -  
i n g  wi th  cons t an t  angular  v e l o c i t y  ii about an a x i s  perpendicular  t o  t h e  
plane of t he  r ing  and passing through i t s  center .  I f  t h e  p r i n c i p a l  bending 
p l anes  of t h e  beam are o r i e n t e d  perpendicular  and p a r a l l e l  t o  t h e  plane of t h e  
r i n g ,  t r a n s v e r s e  buckl ing can occur e i t h e r  i n  the  plane of r o t a t i o n  or  perpen- 
d i c u l a r  t o  the  plane of r o t a t i o n ,  depending on the  value of such parameters as 
t h e  geometr ic  r a t i o  R/L and the  r o t a t i o n a l  speed. The use of an i n t e g r a t i n g  
mat r ix  procedure i n  the  numerical s o l u t i o n  of t he  buckl ing behavior of t h e  
uniform r o t a t i n g  beam depic ted  i n  Fig. 1 f o r  0 < R/L - < 2.0 , and i n  the  
i d e n t i f i c a t i o n  of t h e  l i m i t i n g  va lues  of R/L below which buckl ing cannot 
occur ,  has been t r e a t e d  i n  Ref. [9]. The i n t e g r a t i n g  matr ix  formulat ion f o r  
t h e  case  of a beam wi th  continuous p r o p e r t i e s  descr ibed  i n  Ref. [91 has been 
extended t o  inc lude  t h e  case i n  which concent ra ted  masses a r e  a l s o  p re sen t  
[14]. The modi f ica t ions  requi red  t o  account f o r  d i s c r e t e  masses r e s u l t  i n  new 
matrices which simply have t o  be added t o  t h e  matrices previous ly  e s t a b l i s h e d  
i n  Ref. [9] f o r  a beam wi th  continuous massI Because the  formulat ion f o r  t h e  
beam wi th  continuous mass remains unchanged, f o r  b r e v i t y  here  re ference  w i l l  
- 
6 
be made t o  Ref. [91  f o r  p e r t i n e n t  d e t a i l s  and e x p l i c i t  expressions.  The 
n o t a t i o n  of Ref. [ 9 1  i s  maintained as much a s  poss ib l e .  
Governing Equations 
The equat ions of motion which d e s c r i b e  the  uncoupled out-of-plane and in-  
plane bending of the beam i n  Fig. 1 are ,  from Ref. [91, 
.. 
mw - (Tw’)’ + (E1 = 0 
YY 
2 .. m(v - 51 v) - (Tv’)’ + (EIZzvOe)”  = 0 
where the  t e n s i l e  f o r c e  T(x) i s  given by 
A p o s i t i v e  value of T i n d i c a t e s  tension.  The boundary cond i t ions  corre- 
sponding t o  a clamped end a t  x = 0 and a f r e e  end a t  x = L a r e  
w(0 , t )  = w’(0,t) = v ( 0 , t )  = v’(0,t) = 0 
w”(L,t) = WPO‘(L,t) = v”(L , t )  = V”&(L,t) = 0. 
A procedure using an i n t e g r a t i n g  matr ix  a s  an ope ra to r  t o  e l i m i n a t e  t h e  spa- 
t i a l  dependence from t h e  pa r t i a l  d i f f e r e n t i a l  equat ions of motion, and t h e  
r educ t ion  of t he  r e s u l t i n g  equa t ions  t o  matr ix  e igenvalue form f o r  
7 
determina t ion  of t h e  eigenvalues  from which t h e  s t a b i l i t y  of t he  beam can be 
a s ses sed ,  i s  f u l l y  descr ibed i n  Ref. 191 f o r  a beam wi th  a continuous mass 
d i s t r i b u t i o n .  
The ex tens ion  of t he  i n t e g r a t i n g  matr ix  technique t o  inc lude  concent ra ted  
masses proceeds i n i t i a l l y  a long t h e  same l i n e s  employed previous ly  i n  Ref. 
[91. The governing equat ions  are f i r s t  formal ly  i n t e g r a t e d  t o  i s o l a t e  t he  de- 
r i  va t  i ves w’ e and VI‘. To t h i s  end, equat ions  (1) and ( 2 )  are w r i t t e n  i n  
t h e  form 
w ” ) ’ ~  = p, + (Tw’)’ ( 6  1 
(EIYY 
where 
2 = -mil (R - x )  
PX 
-- 2 




P Z  
Formally i n t e g r a t i n g  equat ions  (6 )  and ( 7 )  twice from x t o  L and applying 
t h e  boundary condi t ions  of ze ro  shea r  a t  t h e  f r e e  end of t h e  beam l e a d s  t o  
8 
A s  t hese  equat ions  a r e  l i n e a r ,  i t  i s  s u f f i c i e n t  t o  cons ider  ex tens ion  of t h e  
a n a l y s i s  f o r  the  case of a s i n g l e  concentrated mass, M ,  a t  an a r b i t r a r y  posi- 
t i o n  x = 6 (0 < 5 < L) .  The aggrega te  e f f e c t  of mu l t ip l e  concent ra ted  
masses may then be obtained by supe rpos i t i on .  
Let t he  continuous mass d i s t r i b u t i o n  of the  beam be denoted by ~ ( x ) .  
Then, t he  mass d i s t r i b u t i o n  m(x) of the  beam ( d i s t r i b u t e d  p lus  concent ra ted)  
can be w r i t t e n  a s  
m(x) = ~ ( x )  + M 6(x - 6 )  (11)  
where 6 ( x )  is t he  usual  Dirac d e l t a  func t ion .  S u b s t i t u t i n g  (11) i n t o  ( 9 )  
and (10) and assuming t i m e  s o l u t i o n s  of t he  form 
- A t  
v ( x , t )  = v(x )e  
equat ions  ( 9 )  and (10) t ake  the  form 
9 
where, by the  p r o p e r t i e s  of the  Dirac d e l t a  func t ion ,  DS(x) 
t inuous  func t ion  given by 
i s  t h e  discon- 
Equat ions (13) and (14) a r e  v a l i d  f o r  a l l  va lues  of x a long t h e  beam. 
In p a r t i c u l a r ,  they are v a l i d  a t  n + 1 d i s c r e t e  g r i d  po in t s  ( s t a t i o n s )  wi th  
order ing  
0 = xo < x1 < < Xn-l < xn = L. 
The p o i n t s  need no t  have uniform spacing,  and the  l o c a t i o n  5 of the  con- 
c e n t r a t e d  mass need no t  co inc ide  wi th  a g r i d  point .  Writing equat ions  (13) 
and (14) a t  n + 1 d i s c r e t e  p o i n t s  along t h e  beam t h e  r e s u l t i n g  sets of 
equa t ions  may be c a s t  i n t o  mat r ix  form. The i n t e g r a l s  appearing i n  these  
equa t ions  a r e  a s soc ia t ed  wi th  t h e  continuous mass d i s t r i b u t i o n  and are 
eva lua ted  by in t roducing  an i n t e g r a t i n g  mat r ix  opera tor  a s  descr ibed  i n  Ref. 
[9 ] .  The i n t e g r a t i n g  matr ix  ope ra to r  i s  a l s o  used t o  express  the  d isp lace-  
ments v and w i n  terms of t he  cu rva tu res  7’- and we* so  t h a t  
t h e  cu rva tu res  appear as the  dependent v a r i a b l e s  i n  t h e  f i n a l  mat r ix  
equat ions .  Because the  underlying d i f f e r e n t i a l  equat ions  are uncoupled, t h e  
- - - 
10 
r e s u l t i n g  mat r ix  equat ions  a r e  a l s o  uncoupled. However, fol lowing Ref. [91, 
f o r  computational convenience the  r e s u l t i n g  equat ions  a r e  w r i t t e n  i n  t h e  
combined form. 
o r ,  i n  condensed n o t a t i o n ,  
where 
A 
[ 111 = Ell]  + [Gl1I  
A 
[ 221 = [G221 + [G221  
A 
[ 111 = [Hl1I  + [Hl1I  
A 
[ 221  = [H221 + [ H 2 2 1 '  
cont inuous p r o p e r t i e s  of t he  beam, r o t a t i o n a l  speed, and i n t e g r a t i n g  matrix 
ope ra to r s .  E x p l i c i t  express ions  f o r  t hese  submatr ices  are g iven  i n  Ref. 
[91. The submatr ices  [ G l l ] ,  [ G 2 2 ] ,  [HI1 ]  and [H22]  are a s s o c i a t e d  wi th  
t h e  concent ra ted  mass and are func t ions  of t he  magnitude and l o c a t i o n  of t h e  
A A A A 
11 
mass, r o t a t i o n a l  speed, and i n t e g r a t i n g  mat r ix  opera tor .  E x p l i c i t  express ions  
f o r  t hese  submatr ices  a r e  der ived below. 
It should be noted t h a t  t h e  i n c l u s i o n  of a concent ra ted  mass l e a d s  t o  an 
e igenvalue  problem of t h e  same form as f o r  a beam wi th  only continuous mass. 
Fu r the r ,  t h e  e f f e c t s  of a concent ra ted  mass e n t e r  only through terms which a r e  
a d d i t i v e  t o  terms obtained previous ly  i n  Ref. [9] for a beam wi th  no concen- 
t r a t e d  masses. Thus, t he  s i z e  of t h e  eigenvalue problem given by equat ion  
(18 )  i s  not  increased  when concentrated mass e f f e c t s  are included.  The 
e igenvalue  problem given by equat ion  (18) can be solved using s tandard  
e igenso lu t ion  techniques t o  y i e l d  the  eigenvalues  and e igenvec tors  which 
c h a r a c t e r i z e  the  dynamic behavior  and s t a b i l i t y  of both the  inp lane  and out- 
of-plane motions of t h e  beam. Since t h i s  i s  a k i n e t i c  approach [I51 f o r  
a s s e s s i n g  s t a b i l i t y ,  t h e  s o l u t i o n  of equat ion  (18) w i l l  i d e n t i f y  a l l  t h e  
i n s t a b i l i t i e s  of t he  system, both dynamic and s t a t i c .  However, because of the  
absence of bo th  C o r i o l i s  f o r c e s  and damping f o r c e s  i n  the  p re sen t  equat ions ,  
on ly  s t a t i c  (buckl ing)  i n s t a b i l i t i e s  can occur. 
E x p l i c i t  Form of Additive Matrices for Concentrated lhss 
E x p l i c i t  express ions  f o r  t h e  submatr ices  
A A A A 
[Gll] ,  [G221, [ H l 1 1 ,  and [ H z 2 1  
which a r i s e  from the  concentrated mass terms i n  equat ions  (13) and (14) are 
r a t h e r  s t r a igh t fo rward  t o  de r ive  fol lowing the  procedures o u t l i n e d  i n  Ref. 
[14].  However, special  cons ide ra t ions  are r equ i r ed  f o r  t h e  case where t h e  
mass i s  not  a t  one of t he  g r i d  po in t s  e s t a b l i s h e d  along the  beam and i n  t h e  
t rea tment  of t he  discont inuous func t ion  Dg(x). 
- - 
Equations (13) and (14) involve  v and w eva lua ted  a t  t he  concen- 
12 
t r a t e d  mass p o s i t i o n  5. I f  t he  mass M i s  not  a t  a g r i d  p o i n t ,  an i n t e r -  
p o l a t i o n  polynomial (e.g., Lagrange i n t e r p o l a t i o n )  must be employed t o  ex- 
p r e s s  v (5 )  and w(5) i n  terms of t he  values  of v and w a t  t h e  
g r i d  po in t s .  Because the  i n t e g r a t i n g  ma t r ix  has elements which depend only on 
t h e  g r i d  point  l o c a t i o n s  xo, ,xn, and not  on the values  of t he  func t ion  
a t  t h e  g r i d  p o i n t s ,  the i n t e r p o l a t i o n  polynomial employed f o r  t he  concentrated 
mass must have c o e f f i c i e n t s  which depend only on 5 and the g r i d  po in t  lo- 
c a t i o n s .  Consis tent  w i th  t h i s  requirement,  consider  an i n t e r p o l a t i o n  of t h e  
form 
- - - - 
I f  equat ion (20) i s  an mth order  i n t e r p o l a n t  (m n )  and 5 i s  not  a 
g r i d  p o i n t ,  then i n  gene ra l  a (5) E 0 f o r  k < y and/or  k > y + m . 
Here, y i s  an a p p r o p r i a t e  r e fe rence  i n t e g e r  and 
By choosing m s u f f i c i e n t l y  l a r g e  (e.g., Lagrange i n t e r p o l a t i o n  wi th  m = 7 )  
t h e  r e s u l t i n g  i n t e r p o l a t i n g  polynomial g i v e s  a high degree of accuracy without 
t he  need t o  c l u s t e r  g r i d  p o i n t s  about 5. To use the  i n t e r p o l a t i o n  poly- 
nomial given by equat ion (20) i n  t h e  p re sen t  con tex t ,  l e t  [ A s ]  be t h e  
square ma t r ix  of o rde r  
k 
y+m 5 xn* < x  < s < x  x o -  y 
n + 1 wi th  t h e  i j t h  element 
= a (51, j-1 j = 1 , 2 ,  , n + l  
i .e. ,  [A5] 
c o e f f i c i e n t s  i n  t h e  i n t e r p o l a t i o n  polynomial. Premult iplying {u) by [ A , ]  
and using equat ion (20) l e a d s  t o  the  r e l a t i o n  
has i d e n t i c a l  rows and each row has as elements t he  success ive  
t 
[A, I (U1 = 1) (22)  
The mat r ix  [ A , ]  may be regarded as an i n t e r p o l a t i o n  matrix. I f  t h e  mass 
i s  a t  a g r i d  po in t ,  equa t ion  (20) shows t h a t  i s  a matrix wi th  a s i n g l e  
nonzero column cons i s t ing  of ones. 
[A,] 
I f  t h e  mass i s  not  a t  a g r i d  po in t ,  some care must a l s o  be taken i n  de- 
f i n i n g  a diagonal  mat r ix  [D,]  t h a t  g i v e s  t h e  e f f e c t  a t  t h e  g r i d  po in t s  of 
5 
mult ip ly ing  by the  discont inuous func t ion  
t o  ze ro  a c r o s s  x = 5. Suppose t h a t  6 
x < 6 - < x j ’  j = 1,2,  , n. Then i f  
o rde r  n + 1 wi th  the  diagonal  elements 
j-1 
1 
[D,] ( f )  
g r i d  po in t s .  
g i v e s  t h e  vec to r  of va lues  of 
D,(x) which changes from u n i t y  
l i e s  i n  the  s u b i n t e r v a l  
[D5]  i s  the  diagonal  matrix of 
i < j  - 
i > j  
t h e  func t ion  D,(x)f(x) a t  t h e  
Using the  mat r ices  [ A , ]  and [ D E ]  in t roduced  above and in t roducing  
t h e  diagonal  matrices [S,] and [T,] def ined  by 
tS,I = N x  - 5 1  
t h e  concent ra ted  mass terms i n  equat ions  (13)  and (14) l e a d  t o  t h e  e x p l i c i t  
matrix express ions  
14 
n “ 
where [ I ]  i s  the  i d e n t i t y  mat r ix  and 
[91 and [14]. To a r r i v e  a t  equat ion 
[I1] is  t h e  i n t e g r a t i n g  mat r ix  of 




t o  express  the  displacements v and w i n  terms of the  cu rva tu res  VI@ 
and wee a s  was done i n  Ref. [91. The e f f e c t  of s e v e r a l  concent ra ted  masses 
is obta ined  by superpos i t ion .  
- 
I f  t h e  concent ra ted  mass, M ,  i s  placed a t  t h e  f r e e  end of t h e  r o t a t i n g  
- - 
beam, ( i . e . ,  6 = L ) ,  t h e  boundary cond i t ions  v”’(L) = 0 and w”’(L) = 0 
must be rep laced  by the  d i f f e r e n t i a l  equat ions  f o r  t h e  inp lane  and out-of- 
plane motion of t h e  concent ra ted  mass. However, i t  i s  shown i n  Ref. [14]  t h a t  
15 
t h e  a p p l i c a t i o n  of an appropr i a t e  l i m i t i n g  procedure t o  t h e  governing equa- 
t i o n s  f o r  v and w given by equat ions  (13) and (14) f o r  an i n t e r i o r  con- 
c e n t r a t e d  mass as 5 t ends  t o  L produces the  proper boundary condi t ions  
f o r  a concent ra ted  mass a t  5 = L. Hence, equat ions  (13) and (14 ) ,  which 
have been der ived  assuming t h a t  t h e  concent ra ted  mass i s  not  a t  t he  f r e e  end 
of t h e  beam, remain v a l i d  f o r  t h e  case i n  which the  mass is a t  the  f r e e  end of 
t h e  beam. Thus, f o r  computation t h e r e  i s  no need f o r  any d i f f e r e n t  t rea tment  
i f  t h e  mass i s  a t  the  f r e e  end. 
- 
NUMERICAL RESULTS 
The s t a b i l i t y  of a beam which i s  r o t a t i n g  i n  a p lane  perpendicular  t o  t h e  
axis of r o t a t i o n  and clamped of f  t h i s  a x i s  as i n d i c a t e d  i n  Fig.  1 has  been 
analyzed t o  determine the  c r i t i c a l  r o t a t i o n a l  speeds f o r  buckl ing i n  t h e  
inp lane  and out-of-plane d i r e c t i o n s .  An a p p l i c a t i o n  of t h e  i n t e g r a t i n g  mat r ix  
technique t o  t rea t  the  case of a beam wi th  a continuous mass d i s t r i b u t i o n  i s  
desc r ibed  i n  Ref. [91. I n  t h e  p re sen t  paper ,  a t t e n t i o n  is d i r e c t e d  t o  t h e  
case i n  which the  mass d i s t r i b u t i o n  i s  approximated by concent ra ted  masses a t  
d i s c r e t e  p o i n t s  along t h e  l e n g t h  of t h e  beam. There are s e v e r a l  w e l l -  
e s t a b l i s h e d  d i s c r e t e  mass approximations which can be used i n  dynamic ana lyses  
of beams. However, t he  less usua l  concent ra ted  mass r ep resen ta t ion  employed 
i n  Ref. [61 i s  adopted here  t o  a l low a r igo rous  comparison of t h e  p re sen t  
numerical  r e s u l t s  wi th  the  a n a l y t i c a l  r e s u l t s  given i n  Ref. [ 6 ] .  It should be 
emphasized t h a t  t h i s  choice i s  n o t  r e s t r i c t i v e  as a l l  t h e  observa t ions  made 
and the  conclusions reached based on t h e  numerical  s t u d i e s  using t h e  mass 
model of Ref. [61 are equa l ly  v a l i d  f o r  o t h e r  d i s c r e t e  mass r ep resen ta t ions .  
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I n  t h e  p re sen t  s t u d i e s ,  t h r e e  concentrated mass approximations t o  a 
uniform beam a r e  considered,  a s  i n d i c a t e d  i n  Fig. 2. In each case ,  t he  sum of 
t h e  concentrated masses i s  maintained equal t o  the  t o t a l  mass of the uniform 
beam. A s  i n  Ref. [91, numerical r e s u l t s  here a r e  obtained by d iv id ing  t h e  
beam i n t o  ten equal segments and using an i n t e g r a t i n g  matr ix  [Ill which 
expres ses  the  in t eg rand  a s  a seventh-degree polynomial i n  t h e  form of Newton’s 
forward-difference i n t e r p o l a t i o n  formula. The computer program which i s  
employed t o  so lve  t h e  eigenvalue problem given i n  equat ion ( 1 7 )  uses  the  
double s h i f t  QR a lgori thm (Ref. [16]) and i s  w r i t t e n  t o  t ake  advantage of any 
uncoupling which may be present  i n  t h e  combined matr ix  equation. S t a b i l i t y  
ana lyses  were made f o r  each of t he  t h r e e  concen t r a t ed  mass r e p r e s e n t a t i o n s  de- 
p i c t e d  i n  Fig.  2 over a range of values  of t he  r a t i o  R/L f o r  a f i x e d  value of 
t he  beam length.  The r e s u l t i n g  s t a b i l i t y  boundaries are  shown i n  Fig. 3 ,  
where t h e  nondimensional c r i t i c a l  r o t a t i o n a l  speeds f o r  buckling i n  t h e  in-  
plane and out-of-plane d i r e c t i o n s  are  presented as a func t ion  of R/L. Also 
shown i n  Fig. 3 f o r  comparison with the p re sen t  r e s u l t s  a r e  the  corresponding 
boundaries  f o r  t h e  beam wi th  a uniform mass d i s t r i b u t i o n  obtained i n  Ref. 
[9]. The nondimensional r o t a t i o n a l  speed i n  Fig. 3 i nvo lves  the  inp lane  bend- 
i n g  s t i f f n e s s  EIZz .  The numerical r e s u l t s  a r e  f o r  t he  p a r t i c u l a r  case i n  
which t h e  inp lane  and out-of-plane bending s t i f f n e s s e s  are e q u a l ,  t h a t  i s ,  
EI,, = E I y y *  
For t h e  continuous mass case,  i t  i s  seen t h a t  i n s t a b i l i t y  i s  f i r s t  en- 
countered i n  the  plane of r o t a t i o n  f o r  a l l  values  of R/L. Although the  e n t i r e  
beam i s  i n  t ens ion  f o r  R/L < 0.5, t he  term dl v which appears  i n  t h e  in- 
plane equat ion of motion r e p r e s e n t s  a component of c e n t r i f u g a l  f o r c e  normal t o  
t h e  beam which decreases  the  inp lane  n a t u r a l  frequency with i n c r e a s i n g  rota- 
2 
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t i o n a l  speed. Thus, f o r  s u f f i c i e n t l y  l a r g e  r o t a t i o n a l  speeds,  t h e  p o s s i b i l i t y  
of buckl ing i n  the  plane of r o t a t i o n  can not  be precluded even when the  beam 
i s  e n t i r e l y  under tension.  The r e s u l t s  (which are numerical ly  e x a c t )  i n d i c a t e  
t h a t  t h e  l i m i t i n g  value of t he  r a t i o  R/L below which buckl ing cannot occur 
i s  R/L = 0.0. The r e s u l t s  a l s o  show t h a t  t he  s t a b i l i t y  boundary i s  
asymptot ic  t o  the  v e r t i c a l  l i n e  given by R/L 0.0, s o  t h a t  t he  beam is  
s t a b l e  f o r  R/L = 0.0 f o r  a l l  f i n i t e  va lues  of t he  r o t a t i o n a l  speed. The 
numerical  r e s u l t s  f o r  t h e  case of buckl ing out  of t he  plane of r o t a t i o n  
i n d i c a t e  t h a t  t h e  l i m i t i n g  value of t he  r a t i o  R/L below which buckl ing cannot 
occur  i s  R/L = 0.50. As i n  t h e  case  of i np lane  buckl ing,  t he  s t a b i l i t y  
boundary i s  asymptot ic  t o  the  v e r t i c a l  l i n e  through t h e  l i m i t i n g  value of R/L, 
so  t h a t  t h e  beam i s  s t a b l e  f o r  R/L = 0.50 f o r  a l l  f i n i t e  va lues  of t he  
r o t a t i o n a l  speed. This l i m i t i n g  va lue  i s  c o n s i s t e n t  wi th  the  f a c t  t h a t  f o r  
R/L < 0.50 t h e  beam i s  e n t i r e l y  i n  t ens ion  and no o the r  d e s t a b i l i z i n g  
c e n t r i f u g a l  f o r c e s  e x i s t  a s  i n  the  case  of t h e  inp lane  d i r e c t i o n .  The r eade r  
i s  r e f e r r e d  t o  Ref. [9] f o r  f u r t h e r  d i scuss ion  of t h i s  case  and comparison 
wi th  t h e  r e s u l t s  of similar work by o t h e r s  which has appeared i n  t h e  
l i t e r a t u r e .  
The s t a b i l i t y  boundaries f o r  t he  beam wi th  concent ra ted  masses are seen 
t o  e x h i b i t  a behavior  which i s  similar t o  t h a t  ob ta ined  f o r  t h e  beam wi th  a 
cont inuous mass d i s t r i b u t i o n .  Again, because of t h e  d e s t a b i l i z i n g  term mil v 
i n  t h e  inp lane  equat ion of motion, i n s t a b i l i t y  i s  f i r s t  encountered i n  t h e  
plane of r o t a t i o n  f o r  a l l  va lues  of R/L. For va lues  of R/L g r e a t e r  than about 
1.2, bo th  t h e  inp lane  and out-of-plane s t a b i l i t y  boundaries approach the  
corresponding continuous mass boundaries  from below as the  number of 
concent ra ted  masses i s  increased .  A s  R/L i s  reduced, t h e  l i m i t i n g  va lues  of 
2 
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R/L be loy  which buckl ing cannot occur approach t h e  l i m i t i n g  va lues  f o r  t h e  
beam wi th  continuous mass as the  number of d i s c r e t e  masses is increased .  For 
t h e  inp lane  case, i t  should be noted t h a t  a l l  t he  boundaries are  asymptot ic  t o  
t h e  same v e r t i c a l  l i n e  given by R/L = 0.0, and t h a t  they approach t h e  
boundary f o r  t he  continuous mass beam from t h e  l e f t  as t h e  number of 
concent ra ted  masses i s  increased .  For out-of-plane buckling t h e  l i m i t i n g  
va lues  of R/L below which buckl ing cannot occur f o r  t h e  one, two and five-mass 
approximations are 1.0, 0.75, and 0.60, r e spec t ive ly .  These l i m i t i n g  va lues  
of R/L correspond t o  va lues  of R/L below which the  beam is  e n t i r e l y  i n  
tens ion .  The corresponding s t a b i l i t y  boundaries  a r e  asymptot ic  t o  the  
v e r t i c a l  l i n e s  through t h e  l i m i t i n g  va lues  of R/L and approach t h e  boundary 
f o r  t he  continuous mass beam from the  r i g h t  as the  number of concent ra ted  
masses i s  increased .  This  i s  i n  c o n t r a s t  t o  t he  behavior  f o r  t h e  inp lane  
d i r e c t i o n .  The d i f f e r e n c e  i n  behavior of t he  inp lane  and out-of-plane 
s t a b i l i t y  boundaries  as R/L i s  reduced i s  a s s o c i a t e d  wi th  t h e  term m!d v 
which appears  i n  the  inp lane  equat ion of motion. A s  mentioned ear l ie r ,  t h i s  
term r e p r e s e n t s  a component of c e n t r i f u g a l  fo rce  a c t i n g  normal t o  t h e  beam and 
decreases  t h e  inp lane  n a t u r a l  frequency wi th  inc reas ing  r o t a t i o n a l  speed. A s  
t h e  number of concent ra ted  masses rep resen t ing  the  continuous mass beam 
i n c r e a s e s ,  t h e r e  are more and more masses being "sh i f ted"  toward t h e  clamped 
end of t h e  beam (where t h e  displacements  i n  t h e  buckling mode are sma l l e r )  





The inp lane  and out-of-plane buckl ing of a r o t a t i n g  beam having both  one 
and two concent ra ted  masses has been t r e a t e d  i n  Ref. [61, which p resen t s  re- 
s u l t s  from an exac t  s o l u t i o n  of t he  d i f f e r e n t i a l  equat ions  obtained by apply- 
i n g  Newton's l a w  t o  the  mass hypo the t i ca l ly  c u t  from the  beam and from equi- 
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l i b r i u m  cons ide ra t ions  of t he  massless f l e x i b l e  beam. The p resen t  numerical  
r e s u l t s  f o r  t h e  out-of-plane buckl ing behavior  are i n  e x c e l l e n t  agreement wi th  
the  r e s u l t s  presented i n  Ref. [61.  However, t h e  present  r e s u l t s  f o r  t h e  in-  
plane buckl ing behavior a r e  not  i n  agreement wi th  the  r e s u l t s  presented i n  
Ref. [ 6 ] .  I n  p a r t i c u l a r ,  t h e  inp lane  s t a b i l i t y  boundaries  i n  Ref. [61 do n o t  
e x h i b i t  t h e  c o r r e c t  l i m i t i n g  behavior as R/L i s  reduced t o  zero.  It appears  




The s t a b i l i t y  of a f l e x i b l e  beam w i t h  d i s c r e t e  masses which i s  r o t a t i n g  
i n  a p lane  perpendicular  t o  the  a x i s  of r o t a t i o n  and clamped of f  t h i s  a x i s  was 
analyzed t o  determine the  c r i t i c a l  r o t a t i o n a l  speeds f o r  buckl ing i n  t h e  in-  
p lane  and out-of-plane d i r e c t i o n s .  The d i f f e r e n t i a l  equat ions  of motion were 
so lved  numer ica l ly  using an extended i n t e g r a t i n g  mat r ix  method which i n c l u d e s  
t h e  e f f e c t  of concentrated masses i n  combination wi th  an e igenana lys i s  t o  
determine t h e  eigenvalues  from which s t a b i l i t y  was assessed .  Extension of t h e  
i n t e g r a t i n g  matr ix  method t o  inc lude  concent ra ted  masses and i t s  a p p l i c a t i o n  
appear  t o  be new. It was shown t h a t  t h e  extended i n t e g r a t i n g  mat r ix  proce- 
dure ,  when app l i ed  t o  t h e  governing d i f f e r e n t i a l  equat ions  of motion f o r  a 
beam which inc ludes  d i s c r e t e  masses, l e a d s  t o  a matrix eigenvalue problem i n  
which the  matrices a s soc ia t ed  wi th  the  d i s c r e t e  matrices are s i n p l y  a d d i t i v e  
t o  t h e  matrices previous ly  der ived  f o r  a beam wi th  continuous mass. The sta- 
b i l i t y  boundaries obtained using the  present  method of s o l u t i o n  were shown t o  
a sympto t i ca l ly  approach the  corresponding boundaries  f o r  a beam wi th  a 
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continuous mass d i s t r i b u t i o n  as the  number of concentrated masses i s  
increased .  A s  the  r a t i o  of t he  r ad ius  of the  c i r c l e  t raced  out by the  clamped 
end of t he  r o t a t i n g  beam t o  the  l e n g t h  of t he  beam i s  reduced, t he  inp lane  and 
out-of-plane behavior was shown t o  be d i f f e r e n t  due t o  t h e  presence of a 
d e s t a b i l i z i n g  i n e r t i a l  term which appears  i n  t h e  inp lane  equat ion of motion. 
These resul ts  have i d e n t i f i e d  what appears  t o  be an e r r o r  i n  the  l i t e r a t u r e  
wi th  r e spec t  t o  the  l i m i t i n g  behavior  of t he  c r i t i c a l  r o t a t i o n a l  speed f o r  
i np lane  buckling a s  the  r ad ius  of r o t a t i o n  of t he  clamped end of t he  beam i s  
reduced. 
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end of the beam is reduced. 
22. Price 
A0 3 
in tegra t ing  matrices, r o t a t i n g  beam, 
buckling, concentrated masses 
64 - Numerical Analysis 
39 - St ruc tu ra l  Mechanics 
NASA-Langley, 1989 
